MATEMATICKA OLYMPIADA 2025/2026

RieSenia uloh Skolského kola kategorie B

1 Rozhodnite, ¢i je mozné oznacit hrany kocky ¢islami 1, 2, ..., 12 tak, aby kazdé ¢islo bolo pouzité a aby pre kazdy
vrchol bol stcet ¢isel hran, ktoré z neho vychadzaju, rovnaky:.
(Méria Domanyova)
RieSenie 1:
Predpokladajme, Ze je to mozné, a oznacme S sucet Cisel hran pri kazdom z vrcholov. KedZe kazda hrana spaja
dva vrcholy, je jej Cislo zapocitané do stuctov pri dvoch vrcholoch, a dvojnasobok stuctu pri vsetkych hranach je
tak rovny 8S. Teda
85 =2(1+--4+12) =156,
S= 156 _ 19,5
- 8 - »
o je spor, lebo cislo S ako sucet niekol’kych prirodzenych ¢isel musi byt prirodzené. Hrany kocky teda nie je
mozné oznacit pozadovanym sposobom.
RieSenie 2:
Nech S je sucet Cisel hran pri kazdom z vrcholov. Kazda hrana kocky vychadza prave z jedného zo 4 vrcholov
vyznacenych na obrazku.

4S=1+--+12=178,
5—78—195
- 4_ »

o je spor s prirodzenostou S.
Poznamka:

Uvedené riesenia su formulované ako dokaz sporom na zaklade stru¢ného argumentu, ktory sa moze zdat tazké
vymysliet. Preto ukazeme, ako k nemu mozno dospiet.

Najskor sa pokiisame hranam cisla nejako priradzovat a skimame, aké sucty pri vrcholoch vychadzaju. Dajme
tomu, Ze jednym takym pokusom bolo priradit hranam okolo jedného vrcholu ¢isla 5, 7 a 10. To dava sucet 22,
takze okolo oboch krajnych vrcholov hrany s ¢islom 1 musia byt (disjunktné) dvojice Cisel so su¢tom 21. Taku
dvojicu mame vSak uZz len jednu (12 a 9), takZe tieto ¢isla boli zrejme ako ohodnotenia trojice hran vychadzaju-
cich z rovnakého vrcholu kocky prilis vel'’ké. VSeobecnejsie, kedZe mame presne dané, ktoré ¢isla mame k dis-
pozicii, tak ak zvolime okolo jedného vrcholu prili$ vel'ké ¢isla, na iné vrcholy ostant ¢isla prilis malé na to, aby
mohli sucty pri vrcholoch vyjst vSetky rovnako. Teda samotna hodnota suctu S nemdze byt prilis vysoka ani
prilis nizka. Na S sa musia s¢itat nejaké tri ¢isla z mnoziny {1, ..., 12}, teda

1+2+3=6<S5S<10+11+12=33.

Vidime, Ze obmedzenie ziskané rozborom situdcie len pri jedinom vrchole je velmi slabé. Pozrime sa preto na
dva protilahlé vrcholy kocky. Tie nemaja Ziadne spolo¢né hrany a ¢isla pri nich sa neopakujt, takze s¢itanim
Cisel pri tychto Siestich hranach dostaneme nerovnosti

1+2+3+4+5+6=21<25<7+8+9+10+11+12=57,

takze
10,5 < 5§ < 28,5,

¢o uz je tesnejsi odhad. Je zrejmé, Ze idedlne by bolo do odhadu zapojit' vSetkych dvanast cisel (potom by dve
nerovnosti presli na jednu rovnost). Musime si ale rozmysliet, na ktoré vrcholy sa pozriet, ku ktorému vrcholu
zapocitat Cislo ktorej hrany a podobne, a takéto uvahy st jadrom vyssie uvedenych rieseni.



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();




Poznamka:

Dal$ou moZnostou je zostavit' 8 rovnic (pre kazdy vrchol jednu) s 13 neznamymi (¢&isla pri hranach a sucet S).
typua + b + ¢ = S. S¢itanim niekol'’kych z nich a pomocou znalosti toho, ktoré ¢isla sa pri hranach vyskytuju
(vieme, Ze st to ¢isla 1 az 12, kazdé prave raz, nepozname vsak ich rozmiestnenie) je tieZ mozné dojst k vypoctu
hodnoty S.

Pokyny:
V netplnych rieSeniach ohodnotte kroky nasledovne:
A1l Tvrdenie, Ze to nie je mozné: 1 bod
A2 Oznacenie spolo¢ného suctu pri vrcholoch (S) alebo skiimanie tejto hodnoty: 1 bod

A3 Odvodenie nejakého platného odhadu na S (napr. ako v poznamke vyssie) alebo neplatné, ale ,rozumné“
rovnice pre S (napr. 1 + -+ + 12 = 85): 1 bod

A4 Zostavenie spravnej rovnice pre S: 3 body

A5 Argumentdacia neprirodzenostou S a formulacia zaveru: 1 bod

Celkovo za netplné rieSenie dajte sticet bodov za A1, za A2 a za maximum z poctov bodov za A3, za A4 a za AS5.

Mame pravitko bez mierky, ktoré umoziuje iba viest priamku I'ubovolnymi dvoma bodmi, a kruzidlo, ktorym
sa daju rysovat iba kruznice s l'ubovolnym celociselnym polomerom. Popiste a zd6vodnite konstrukciu rovno-
stranného trojuholnika so stranou dizky V7 s tymito nastrojmi.

(Tomas Barta)
RieSenie 1:
Zakladnou myslienkou je rozdelit’ tlohu na dve ¢asti: zostrojit’ tise¢ku dizky v7 a s pomocou tejto schopnosti
yorezat“ vacsi rovnostranny trojuholnik. Uvedomme si, Ze Standardny postup konstrukcie rovnostranného troj-
uholnika s danou dlzkou strany (ktort uZ mame zostrojenu ako tisecku) nase obmedzené kruzidlo dovoluje iba
pre nenulové prirodzené dlzky.
Pre prvi ¢ast vyuzijeme Pytagorovu vetu v tvare a = Vc2 — b2, kde za ¢ (dizku prepony) a b (diZku jednej
odvesny) zvolime vhodné nenulové prirodzené &isla. Ked%e 7 = 16 — 9 = 42 — 32, ponuka sa volba c = 4
ab=3.
Zvysok rieSenia obsahuje cely postup konstrukcie (pozri obrazok):

1. Standardnym postupom zostrojime rovnostranny trojuholnik ABC s nejakou prirodzenou diZzkou strany.

2. Bodom A vedieme kolmicu p na priamku AB. To moZno vykonat aj s obmedzenym kruZidlom (a pravitkom)
takto: na priamke AB nijdeme pomocou kruZidla dva rézne body X a Y tak, aby |AX| = |AY| = r (bod A bude
teda stredom usecky XY) pre nejaké nenulové prirodzené cislo r. Nasledne zostrojime priese¢niky kruznic
s polomerom r so stredmi v X a Y. Ich spojnicou je hladana kolmica na priamku AB prechadzajica bodom A.

3. Pomocou kruZnice so stredom v A a polomerom 3 najdeme na priamKke p bod K tak, Ze |AK| = 3 (mame dva
priesecniky, z nasledujiiceho postupu je vidiet, Ze nezaleZi na tom, s ktorym budeme pracovat).

4. Zostrojime kruznicu so stredom v bode K a polomerom 4. Tato kruznica pretne polpriamku AB v prave
jednom bode, ktory oznacime D.

C
K
AN
AN
N\
N\
\
ES \
N \
/)3 N\ \
/ \
/ \ \\
I/ \\ N
AN
X 4
\ A 147 Pd D B
\ ~
\ L=
\ -~
AN /
N 7
>

5. Trojuholnik AK D je pravouhly s preponou KD dizky 4 a odvesnou AK dizky 3, takZe podla Pytagorovej vety



plati
14D = [IKDI* = |AK|* = 42 =32 = V16— 9 = 7.

6. Analogickym postupom najdeme na polpriamke AC bod E taky, ze |AE| = /7.
7. Narysovanim priamky DE potom ziskame trojuholnik ADE taky, Ze |AD| = |AE| = /7 a |<DAE| = 60°,
takZze je rovnostranny.

RieSenie 2:
Alternativnou moinpst’ou ziskania tGise¢ky s dizkou v/7 je pouzitie jednej z Euklidovych viet, kde sa tieZ vyskytu-
ju druhé mocniny dlZok. Napriklad podla Euklidovej vety o vyske v trojuholniku PQR s patou S vysky z vrcholu
P plati, Ze IPSI2 = |QS| - |RS]|, takZe vol'ba |QS| = 1 a |RS| = 7 dava spravnu dizku vy$ky a sti¢asne kruznicu
nad priemerom QR moZeme zostrojit’ na§im obmedzenym kruzidlom (diZka jej polomeru je % Cize 4). Na
ziskanie pozadovanej dizky na polpriamke AB (obsahujticej stranu uZ zostrojeného rovnostranného trojuholni-

ka ABC) budeme dizky 1 a 7 nanasat’ na kolmicu na polpriamku AB vedenti bodom A, ktort zostrojime rovnako
ako v predoslom rieseni.

RieSenie 3:
Ukazeme, Ze ako vrcholy hladaného trojuholnika mozno pouzit vhodné body jednotkovej trojuholnikovej siete.
Zostrojime kruznicu s polomerom 1, na nej zvolime l'ubovolny bod, ten vezmeme ako stred dalsej jednotkove;j

kruznice. V dalSom kroku vezmeme ako stred niektory zo ziskanych priese¢nikov a postup opakujeme, kym
neziskame vSetky oznacené body z obrazka.
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Potom |YZ| = \/7, ¢éo moZno overit napr. pomocou kosinusovej vety v trojuholniku Y PZ:

lYz| = \/IPYIZ +|PZ|> = 2-|PY| - |PZ| - cos |<ZPY]

1
=\/12+22—2~1-2-c05120°=\/1+4—4-<—E>=\/5—(—2 =7

alebo pomocou Pytagorovej vety pouzitej v trojuholnikoch PQY a ZQY (Q je pata kolmice z bodu Y na priamku
PZ, t.j. stred prisluchajtcej jednotkovej usecky RP):

vzl = \/IQZIZ +lQyl* = \/IQZIZ +1PY|* —1PQI®

5\° 1\* |25 1 [25+4-1 |28
-t [ e

To, Ze aj Use¢ky XY a XZ maji rovnaku dizku, vyplyva zo symetrie celého obrazka, presnejsie zo zhodnosti troj-
uholnikov RZY,TXZ a SYX.

Pokyny:

V netplnych rieSeniach postupujtcich podla prvého alebo druhého vzorového rieSenia ohodnotte kroky nasle-
dovne:



A1l Najdenie vhodnych diZok pre Pytagorovu vetu alebo ekvivalent: 2 body

A2 Popis konstrukcie kolmice na priamku jej danym bodom: 1 bod

A3 Popis zvysku konstrukcie vhodného pravouhlého trojuholnika: 1 bod

A4 Pouzitie rovnostranného trojuholnika s prirodzenou diZkou strany: 1 bod

A5 Dokoncenie konstrukcie pozadovaného rovnostranného trojuholnika a prislichajice zdévodnenie: 1 bod
Celkovo za takéto neuplné rieSenie udelte sucet poCtov bodov za A1, za A2, za A3, za A4 a za A5
Kroky rieseni postupujucich podla tretieho vzorového riesenia (s trojuholnikovou sietou) ohodnotte takto:

B1 Popis konstrukcie vhodnej ¢asti jednotkovej trojuholnikovej siete: 1 bod

B2 Najdenie vrcholov siete tvoriacich use¢ku dizky v/7 bez dokazu: 1 bod

B3 Najdenie vrcholov siete tvoriacich rovnostranny trojuholnik so stranou v/7 bez dokazu: 2 body

B4 Dokaz tvrdenia B2 alebo B3: 3 body
Celkovo za takéto netplné rieSenie udel'te sticet poctu bodov za B1, za B4 a maxima z poc¢tov bodov za B2 a za B3.
Kroky odlisnych rieSeni ohodnotte takto:

C1 Konstrukcia Gse¢ky dizky V7 (vratane zdovodnenia): 4 body

C2 Konstrukcia rovnostranného trojuholnika s uZ zostrojenou dizkou strany v7: 2 body

Celkovo za takéto netiplné rieSenie udelte sucet poc¢tov bodov za C1 a za C2.

Prirodzené c¢islo nazveme pdtinové, ked' sa presne 20 % jeho delitelov kon¢i cifrou 5.
a) Najdite nejaké patinové cislo.
b) DokaZte, Ze kazdé patinové ¢islo ma presne 60 % delitelov konciacich sa cifrou 0.

(Josef Tkadlec)
RieSenie 1:
Nech d(m) je pocet (prirodzenych) delitelov ¢isla m.
Nechn = 2%-52.m,kde a a b st prirodzené ¢islaam nenulové prirodzené &islo nesudelitelné s 2 aj s 5. Ukazeme,
Ze

dn) = (a+ 1)(b + 1)d(m).

Kazdy takyto delitel je totiz tvaru 2.5/ .k kdei € {0,...,a}, i € {0, ...,b} a k je delitel ¢islam, pricom rozne
trojice (i, j, k) davaja rozne delitele. Mame teda a + 1 moznosti pri vybere exponentu i, b + 1 moZnosti pri vybere
exponentu j a d(m) moznosti pri vybere delitela k. Delitel’ ¢isla n sa kon¢i cifrou 5 prave vtedy, ked' je delitelny 5
azaroven nie je delitelny 2, t.j. prislusné i je 0, prislusné j je zmnoziny {1, ..., b} a prislusné k je lubovolny delitel
¢islam (Co je d(m) moZnosti). Pocet delitelov konciacich sa cifrou 5 je teda 1 - b - d(m). Podmienka zo zadania

teda hovori, Ze
b-d(m) 1

(a+ )b+ Dd(m) 5’

takze
5b=(a+1)(b+1),

S5h=ab+a+b+1,

b—ab=a+1,
b(4—a)=a+1,
_a+l
T 4—qa

KedZe su ¢isla a, a + 1 aj b nezaporné, plati a € {0, 1, 2, 3} a vyskaSanim vSetkych Styroch hodnét dostaneme
jediné prirodzené rieSenie, a to (a, b) = (3,4).
Preton = 23 - 5* - m = 5000m, kde m je nesudelitelné s 2 aj 5.

¢ Zvolime najjednoduchsiu moznost m = 1. Potom 5000 je patinové Cislo.



o Postupujeme analogicky ako v tivode riesenia. Delitel’ 23 - 5* - m sa kon¢i cifrou 0, ked' je delitelny 10 (teda 2
aj 5). Exponent pri 2 moZeme vybrat 3 sp6sobmi (z celkovo 4), exponent pri 5 mézeme vybrat 4 spésobmi
(z celkovo 5), delitela m potom d(m) spésobmi. Podiel delitelov patinového ¢isla, ktoré sa koncia 0, je teda

3:-4-d(m)
4-5-d(m)
cize 2, o je 60 %.
Poznamka:
UkaZeme dve alternativne rieSenia rovnice
b -d(m) 1

(a+ )b+ Dd(m) 5

Vztah moZno dalej upravit na tvar
a+1 14 5
4—a 4—a’

KedZe a aj b su prirodzené nezaporné cisla, 4 — a je kladny delitel' 5, teda a = 3.

ESte inou moznostou je rozlozit vyraz na lavej strane rovnice
ab+a—-4b+1=0
ako
O=ab+a—-4b+1=(a—-4)b+1)+5
teda
(a—49bB+1)=-5.
KedZe a a b st prirodzené ¢isla, plati b + 1 > 1. Cislo —5 mozno rozlozit’ na dva celoé¢iselné ¢initele, kde druhy
je kladny, iba dvoma spésobmi,atona—5alana—1ab:
e a—4 = -5,z ¢ohoa = —1, o nie je mozné,
e a—4=-1,z¢hoa =3,potomb+1=5,tjb=4
RieSenie 2:
Predpokladajme najprv, Ze sa v prvociselnom rozklade patinového ¢isla n vyskytuju iba prvocisla 2 a 5. VSetky
takéto ¢isla usporiadame do nasledujucej tabul’ky obsahujucej v policku na i. riadku a j. stlpci &islo 571 - 2771,

1|12 | 4|8

5 (10| 20 | 40

25 (50 (100{200

125|250(|500{1000Q --

Vsetky delitele ¢isla v nejakom policku potom tvoria obdiznikovii ,podtabul’ku” s pravym dolnym rohom v tom-
to policku a l'avym hornym rohom zhodnym s lavym hornym rohom celej tabul’ky (policko s ¢islom 1). Takymto
podtabul’kam budeme hovorit kratko len obdiZniky. (Vo vy$sie uvedenej tabul'ke uvazujeme policko (2, 3) s &is-
lom 20 a jemu prislichajtci obdiznik je podfarbeny.)

Cislo sa konéi cifrou 5 prave vtedy, ked' je delitelné 5, ale nie 2. V tabul'ke to zodpoveda presne tym polickam,
ktoré leZia v prvom stipci a neleZia v prvom riadku. Budeme teraz hladat také obdiZniky, v ktorych je podiel
tychto poli¢ok v tabul’ke é Nech ma obdiznik s stipcov. V kazdom riadku je prave jedno poli¢ko v prvom stipci,
teda podiel delitelov konciacich sa cifrou 5 je mensi ako 1/s. Preto s < 5 (rovnost vylucuje prvy riadok, kde
ziadne c¢islo konciace cifrou 5 nie je).

Ak mé obdlZnik 2 stipce a r riadkov, tak podmienka je

r—1_
2r

1
5

’

ekvivalentne
5r — 5 =2r,



¢o je spor.

Ak ma obdZnik 3 stipce a r riadkov, tak podmienka je

r—1 1
3r 5
ekvivalentne
5r —5=3r,
2r =15,
5
r=g
co je spor.
Ak ma obdiZnik 4 stipce a r riadkov, tak podmienka je
r—1 1
4r 5
ekvivalentne
5r — 5 =4r,
r=25.

V tomto obd{Zniku tvorenom celkovo 20 ¢islami je prave 3 - 4 &iZe 12 &isel konciacich sa cifrou 0, tieto delitele
patinového ¢isla 23 - 5% ¢iZe 5000 teda tvoria % tize 60 %.

Ked pripustame aj iné prvocinitele patinového Cisla n, zapiSeme toto Cislo rovnako ako v predoslom rieseni
ako 2% - 5° . m pre nejaké m nestdelitelné s 2 a 5. Tabul’ku teraz pouZijeme tak, Ze do poli¢ka v i. riadku a j. stipci
napiSeme vsetKy delitele n, ktoré maju v prvociselnom rozklade pri 5 exponent i — 1 a pri 2 exponent j — 1, teda
¢isla tvaru 571 - 271 . k, kde k je delitelom m. V kazdom poli¢ku je teda d(m) ¢&isel. KedZe v tlohe vystupuji
len podiely poctov delitelov réznych typov, méZeme postupovat rovnako ako vo vyssie vyrieSenom $pecidlnom
pripade pre m = 1, ked bolo v kaZdom poli¢ku tabul'ky jediné ¢islo.

Pokyny:
V neuplnych rieSeniach postupujtcich podla prvého vzorového rieSenia ohodnotte kroky nasledovne:
A1l VSeobecné vyjadrenie podielu delitelov konciacich sa na 5 alebo na 0: 2 body
A2 Zostavenie a vyrieSenie rovnice pre a, b: 2 body
A3 Nijdenie patinového ¢isla (dokoncenie ¢asti a)): 1 bod
A4 Vypocet podielu delitelov patinovych cisiel konciacich na 0 (dokoncenie Casti b)): 1 bod
Celkovo udel'te sticet poctov bodov za Al, za A2, za A3 a za A4.
Za neuplné rieSenia postupujuce podla druhého vzorového rieSenia udel'te body takto:
B1 Popis tabul'ky a pozorovanie o tom, Ze delitele nejakého jej ¢isla tvoria obdiznik: 2 body
B2 Pouzitie tabul'ky na najdenie patinového cisla: 1 bod
B3 Pouzitie tabul'’ky na vyriesenie ¢asti b): 2 body (v $pecidlnom pripade 2¢ - 5%), resp. 3 body (za vieobecné
rieSenie)
Celkovo udel'te stucet poctov bodov za B1, za B2 a za B3.
Za neuplné rieSenia postupujice inym spésobom udel'te body takto:
C1 Cast' a): 2 body (1 za ¢&islo, 1 za zdovodnenie)
C2 Cast' b): 4 body

Celkovo udelte sucet poctov bodov za C1 a za C2.
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